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Abstract
We present variational calculations of the one-body density matrices and
momentum distributions for 3He-4He mixtures in the zero temperature limit,
in the framework of the correlated basis functions theory. The ground-state
wave function contains two- and three-body correlations and the matrix ele-
ments are computed by (Fermi)Hypernetted Chain techniques. The depen-
dence on the 3He concentration (x3) of the
4He condensate fraction (n
(4)
0 )
and of the 3He pole strength (ZF ) is studied along the P = 0 isobar. At low
3He concentration, the computed 4He condensate fraction is not significantly
affected by the 3He statistics. Despite of the low x3 values, ZF is found to be
quite smaller than that of the corresponding pure 3He because of the strong
3He-4He correlations and of the overall, large total density ρ. A small increase
of n
(4)
0 along x3 is found, which is mainly due to the decrease of ρ respect to
the pure 4He phase.
Typeset using REVTEX
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The momentum distributions (MD) of atoms in quantum liquids is a challenging problem
of fundamental interest.1,2 They provide essential information on the correlations present in
the system, which do not show up explicitly in other quantities. In the past years, accurate
inelastic neutron scattering experiments have allowed for studying several aspects of the
momentum distribution in helium liquids, 4He,3,4 3He5 and 4He-3He mixtures.6,7 However,
a clean extraction of information on the Helium MD’s is somehow tampered by the need of
a sound theoretical understanding of the final state effects in the analysis of the dynamic
structure function, even at high momentum transfers.
The theoretical methods to evaluate momentum distributions of many-body interact-
ing, dense systems at zero temperature have also made a significant progress in recent
years.1 At present, there are results for the pure Helium phases obtained within different
many-body techniques, i.e., variational theory (using either integral equations8,9 or Monte
Carlo methods10) and almost exact stochastic methods as Green’s Function Monte Carlo
(GFMC)11,12 or Path-Integral Monte Carlo (PIMC ).13
The MD’s of liquid 4He (3He) are influenced by the Bose (Fermi) statistics of the atoms.
The macroscopic occupation of the zero momentum state, as given by the condensate fraction
n
(4)
0 , characterizes the momentum distribution of bosonic, liquid
4He and it is strictly linked
to its superfluid behavior. On the other hand, the discontinuity ZF at the Fermi momentum
kF is a characteristic of the
3He system when it is studied as a normal Fermi liquid.
In this paper we consider the interesting case of isotopic 3He-4He mixtures where, due to
its fermion -boson nature, both quantities ZF and n
(4)
0 are simultaneously present. Recent
neutron scattering experiments on Helium mixtures at high momentum transfers6,7 give
additional motivations to undertake a microscopic, theoretical study of their momentum
distributions and one-body density matrices. Special emphasis will be devoted to the de-
pendence on the 3He concentration, x3, of the single-particle kinetic energies of the isotopes
and of ZF and n
(4)
0 .
The investigation is carried on in the framework of the variational approach. The
trial wave function for the mixture contains two–body (Jastrow) and triplet correlations.
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This type of correlated wave function has been useful in effectively studying the pure
phases.8,9,14,15 Two of us16 (A.P. and A.F.) derived the hypernetted and Fermi hypernet-
ted chain (HNC/FHNC) equations for the momentum distributions of the mixtures using
trial wave functions with only pair correlations. Numerical applications were carried out
in the HNC/FHNC/0 approximation, i.e., neglecting the elementary diagrams. A prelimi-
nary study of the elementary diagrams for a Jastrow trial wave function was performed17
by generalizing the scaling approximation proposed for pure phases.8,9 Also available are
variational Monte Carlo (VMC) calculations18 with similar correlations of the analytical
McMillan type. The studies of the mixture has been recently complemented with varia-
tional calculations concerning the energy and stability of the ground state,19,20 with path
integral Monte Carlo (PIMC) analysis21 and with microscopic correlated basis functions
(CBF) estimates of the inelastic neutron scattering cross sections both at intermediate22
and high23 momentum transfers.
The paper is organized as follows: in the second section we will shortly present the
HNC/FHNC theory to calculate n(k) for mixtures described by correlated wave functions
containing two- and three-body correlations. The treatment of the elementary diagrams in
the so called scaling approximation is discussed in some details in the second part of the
section. Results for n(4)(k), n(3)(k) and for the one-body density matrices are presented in
Section II, together with a critical discussion of the discrepancies with the available analysis
of the deep inelastic neutron scattering measurements on mixtures, which (in contrast with
our results) point to a large enhancement of the 4He condensate fraction.
I. HNC/FHNC EQUATIONS FOR THE MOMENTUM DISTRIBUTION OF
3HE-4HE MIXTURES
The one-body density matrices ρ(α)(r1, r
′
1) (α = 3, 4) for a homogeneous, isotopic mixture
of N3
3He atoms and N4
4He atoms, described by a ground-state wave function Ψ(1, . . . , N4+
N3) are defined as
3
ρ(α)(r1, r
′
1) =
Nα
ρα
∫
Ψ∗(1α, . . . , N4 +N3)Ψ(1
′
α, . . . , N4 +N3)dr2 . . . drN4+N3∫
| Ψ(1, . . . , N4 +N3) |2 dr1 . . . drN4+N3
. (1)
In homogeneous mixtures, with constant particle densities ρα = Nα/N , ρ
(α)(r1, r
′
1) =
ρ(α)(r), with r =| r1 − r
′
1 |. ρ
(α)(r)’s satisfy the normalization conditions ναρ
(α)(0) = 1,
να being the spin degeneracy (ν4 = 1, ν3 = 2). Notice that in the definition of ρ
(3)(r) the
spin variables have not been explicitly written. We will henceforth omit the subindex in the
degeneracy factor and assume that it always refers to 3He.
The momentum distribution of the α component, or rather the occupation probability
for single-particle states with momentum k and given spin projection, can be obtained as
the Fourier transform of the corresponding density matrix,
n(α)(k) = δα4ρ4n
(4)
0 (2pi)
3δ(k) + ρα
∫
dr exp(ik · r)[ρ(α)(r)− δα4n
(4)
0 ] , (2)
where n
(4)
0 = ρ
(4)(∞) is the 4He condensate fraction, i.e., the fraction of 4He particles in the
zero momentum state.
The ground state of the mixture is well described by a generalization of the correlated
wave function used in the pure phases:
Ψ(1, . . . , N4 +N3) =
∏
α≤β≤γ=3,4
∏
iα≤jβ
f (α,β)(iα, jβ)
∏
iα≤jβ≤kγ
f (α,β,γ)(iα, jβ, kγ) φ(1, . . . , N3). (3)
φ(1, . . . , N3) is the Slater determinant of plane waves corresponding to the Fermi component
of the mixture, and f (α,β)(iα, jβ) ( f
(α,β,γ)(iα, jβ, kγ)) are the 2 (3)-body correlation functions
involving 2 (3) particles of types α, β (α, β, γ), respectively. Similar trial wave functions have
been used in previous works to study the structure and energetic ground-state properties of
3He-4He mixtures.16,19,20
A cluster analysis of ρ(α)(r) in powers of ω(α,β) ≡ f (α,β) − 1, h(α,β) ≡ [f (α,β)]2 − 1,
ω(α,β,γ) ≡ f (α,β,γ)− 1 and h(α,β,γ) ≡ [f (α,β,γ)]2− 1, as that carried out in the pure phases,24,25
gives the following structural decomposition for ρ(α)(r):
ρ(α)(r) = n
(α)
0 N
(α)(r) , (4)
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where massive re-summations of the diagrams, as defined in Refs. 8,9,16,25, may be per-
formed in practice by using HNC/FHNC techniques.16,20,26
The strength factor n
(α)
0 is given by
n
(α)
0 = exp[2Γ
(α)
ω − Γ
(α)
d ] (5)
and
Nα(r) = [δα4 + δα3(
1
ν
l(kF r)−N
(3)
ωcωc(r)− E
(3)
ωcωc(r))] exp [N
(α)
ωω (r) + E
(α)
ωω (r)] (6)
sums up all the irreducible diagrams with external points 1α and 1
′
α. In Eq.(6), l(x) =
3j1(x)/x is the Slater function and kF = (6pi
2ρ/ν)1/3 is the 3He Fermi momentum.
The functions N (α)xy (r) and E
(α)
xy (r) are the sums of the nodal and elementary diagrams
contributions, respectively. The evaluation of the nodal functions N (α)xy (r), in the context
of the HNC/FHNC approach, is discussed in the Appendix, also containing the explicit
expressions of the Γ
(α)
ω,d factors.
The momentum distributions are computed via the density matrices by Eq.(2). We thus
get
n(4)(k) = (2pi)3ρ4n
(4)
0 δ(k) + ρ4n
(4)
0
∫
dr exp[ik · r](exp[N (4)ωω (r) + E
(4)
ωω(r)]− 1) , (7)
and
n(3)(k) = n
(3)
0 [nc(k) + Θ(kF − k)nd(k)] , (8)
where
nd(k) = 1− X˜cc + 2X˜ωcc +
X˜2ωcc
1− X˜cc
(9)
and
nc(k) = −
X˜2ωcc
1− X˜cc
− ρ3
∫
dr exp[ik · r]
{
(exp[N (3)ωω (r) + E
(3)
ωω(r)]− 1) (10)
×(−l(kF r)/ν +N
(3)
ωcωc(r) + E
(3)
ωcωc(r)) + E
(3)
ωcωc(r)
}
.
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Xyc = gyc −Nyc + l/ν for y = ωc, c and X˜xy(k) stands for the Fourier transform
X˜xy(k) = ρ3
∫
dr eik·rXxy(r) (11)
The strength factor n
(4)
0 is the asymptotic value of the
4He one-body density matrix,
ρ(4)(r → ∞) = n
(4)
0 and corresponds to the
4He condensate fraction. The decomposition
of n(3)(k) in a continuous (nc(k)) and a discontinuous (nd(k)) piece explicitly links the
discontinuity of n(3)(k) at kF , ZF , to nd(kF ) by
ZF = n
(3)
0 nd(kF ) . (12)
A. Scaling approximation for the elementary diagrams
The HNC/FHNC equations can be solved once a given prescription for the contributions
of the elementary diagrams has been given. However, as no exact method to compute them
is presently known, at least in the frame of the integral equations, one has to resort to some
approximation. Among the available schemes27–29 we have chosen the scaling approximation
(SA), developed for both the energy and the one-body density matrix of pure phases,8,9,14,15
and satisfactorily reproducing VMC calculations. Although the number of elementary di-
agrams in the mixture is much larger, it is straightforward to generalize the pure phases
scaling approximation to our case.
The SA is based on the evaluation of the 4-points elementary diagrams constructed with
the combinations of the distribution functions g(α,β)xy (r) allowed by the diagrammatic rules
and it has already been used in the calculation of the energy and of the static structure
functions of the mixture.20 The elementary diagrams are approximated by
E
(α,β)
dd (r) = E(r) , E
(α,β)
xy (r) = 0, α, β ∈ {3, 4}, xy = [de, ee, cc] , (13)
where
E(r) = (1 + s)E[4]g (r) + E
[4]
t (r) . (14)
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E[4]g (r) and E
[4]
t (r) are the four-points elementary diagrams without and with explicit three-
body correlations into their basic structure, respectively. These diagrams are constructed
by using as internal links an averaged dressed correlation gˆ(r)− 1,
gˆ(r) = x24 g
(4,4)(r) + 2x3x4 g
(4,3)(r) + x23 g
(3,3)(r) , (15)
with xα = ρα/ρ. The introduction of gˆ(r) makes feasible the calculation of E(r) because it
reduces drastically the high number of elementary diagrams originated by all the possible
bonds between 3He and 4He particles. Actually, for the underlying boson-boson mixture (i.e.
Φ(1, . . . , N3) = 1 in Eq. (3)) and taking the same correlation functions between all types of
isotopes ( average correlation approximation (ACA) ), gˆ(r) provides the exact E
[4]
g,t(r). This
property and the small 3He concentration in the physical region of interest (x3 < 0.10) justify
the use of gˆ(r). The scaling parameter s (14) is determined by imposing the consistency
between the Pandharipande-Bethe and the Jackson-Feenberg forms of the kinetic energy for
the boson-boson mixture without triplet correlations. s is calculated for each total density
and it is kept fixed when x3 changes. This assumption is plausible because, at low
3He
concentrations, the statistical effects in gˆ(r) are negligible.
The additional elementary diagrams needed for the one-body density matrices are simi-
larly evaluated:
E
(α,β)
ωd (r) = Eωd(r), E
(α,β)
yz = 0 (yz = ωe, ωcc) (16)
with
Eωd(r) = (1 + sωd)E
[4]
ωd,g(r) + E
[4]
ωd,t(r), (17)
and
E(α)ωω (r) = (1 + s
(α)
ωω )E
[4]
ωω,g + E
[4]
ωω,t(r), (18)
E(3)ωcωc(r) = (1 + sωcωc)E
[4]
ωcωc,g + E
[4]
ωcωc,t(r). (19)
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The average distribution function
gˆω(r) = x
2
4 g
(4,4)
ωd (r) + 2x3x4 (g
(4,3)
ωd (r) + g
(4,3)
ωe (r)) + x
2
3 (g
(3,3)
ωd (r) + g
(3,3)
ωe (r)) (20)
has been used to compute the above four-points elementary diagrams.
Finally, the set of single external point elementary diagrams, appearing in the strength
factors n
(α)
0 expressions, are approximated, as in the pure phases,
8,9 by
Ex = (1 +
3
2
sxd)E
[4]
x,g + E
[4]
x,t , x = ω, d . (21)
As far as the factors related to the momentum distributions are concerned, we have
chosen sωd by imposing TMD = TJF , where TMD is the total kinetic energy obtained by
integrating the momentum distribution,
TMD =
h¯2
2m4
x4
(2pi)3ρ4
∫
dk k2 n(4)(k) +
h¯2
2m3
x3ν
(2pi)3ρ3
∫
dk k2 n(3)(k), (22)
and TJF is the ground-state expectation value of the kinetic energy operator computed by
the Jackson-Feenberg identity. Moreover, the fulfillment of the normalization conditions of
the momentum distributions, i.e.,
να
(2pi)3ρα
∫
dknα(k) = 1 , (23)
equivalent to ναρ
(α)(0) = 1, requires
n
(α)
0 exp
[
N (α)ωω (0) + E
(α)
ωω (0)
]
= 1 (24)
N (3)ωcωc(0) + E
(3)
ωcωc(0) = 0 . (25)
These conditions are used to determine the remaining scaling parameters (s(α)ωω , sωcωc).
As a matter of fact, the use for the triplet correlated wave function of the same s(α)ωω
and sωcωc parameters, as determined in the Jastrow case, produces significant deviations of
the above normalizations from their exact values. For this reason and to ensure the correct
normalizations of the density matrices, we have recalculated the scaling factors sωd, s
(4)
ωω, s
(3)
ωω
and sωcωc when the wave function contains three-body correlations, as in Ref. 9.
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II. RESULTS
In this section we report results for the momentum distributions of 3He-4He liquid mix-
tures using the Aziz potential (HFDHE2)30 for the variational determination of the ground-
state correlations. This interaction effectively describes the equation of state of the pure
phases.12,31 The interatomic potential in isotopic mixtures is the same between any pair of
particles. Based on this fact, we have used the average correlation approximation, ACA.
The ACA approach, which has been carefully analyzed for the impurity problem,32 has also
been used in the past to study finite concentration Helium mixtures.20,33,34 The potential is
strongly repulsive at short distances, so the correlation functions are expected to show the
same short-range behaviors. Small differences can arise however at intermediate and large
distances, where the interaction is weaker, because of the different masses and statistics of the
isotopes. Nevertheless, ACA may well serve to the purpose of studying the x3-dependence of
the momentum distributions in the mixture. In fact, for Jastrow correlated wave functions
we have released the ACA, allowing for different correlations in different isotopic pairs, and
these extra variational degrees of freedom have not significantly changed our results.
The two-body correlation function f(r) has been taken to have an analytical form, of the
McMillan type at short distance and with enough flexibility to adjust to the optimal pure
4He correlation behavior in the intermediate and long ranges,
f(r) = exp

−1
2
(
b
r
)5[A+B exp
(
−
(r −D)2
τr4
)]
. (26)
The long range, r−2 behavior ensures the proper linear dependence of the 4He structure
function at k → 0.
The f(r) parameters at the 4He energy variational minimum, at equilibrium density
ρ0 = 0.365 σ
−3 (σ = 2.556 A˚), are b = 1.18 σ, A = 0.85, B = 1 − A, D = 3.8 A˚ and
τ = 0.043 A˚−2. B and τ are related to the experimental pure 4He sound velocity c and to
the low-k behavior of its static structure function by
B
τ
=
m4c
2pi2h¯ρ0
. (27)
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The three-body correlation function f(rij, rik, rjk) has the parameterized form:
8,9,14,15
f(rij, rik, rjk) = exp

−1
2
∑
l=0,1
λl
∑
cyc
ξl(rij)ξl(rik)Pl(rˆij · rˆik)

, (28)
where
ξl(r) = (r − δl0rtl) exp
[
−
(
r − rtl
ωtl
)2]
. (29)
The values of the triplet functions parameters have been taken from Ref. 14 omitting the
small l = 2 component.
The calculations presented here are performed at the experimental values of the density
along the P = 0 isobar. In this regime, the density decreases from ρ = ρ0 (x3 = 0) to
ρ = 0.3582 σ−3 at x3 = 0.066, corresponding to the
3He maximum solubility. The partial
3He density increases from zero up to ρ3 = 0.0236 σ
−3 in the same x3 range. So, we have
neglected the density dependence of the variational parameters of the correlations because of
the small variations both of the total and partial densities in the region of physical interest.
Before presenting the results for the Helium mixtures, it is worthwhile to study the
accuracy of the scaling approximation in the case of pure 4He. We have considered a
correlated wave function containing McMillan two-body correlations (A = 1., B = 0.,
and b = 1.20 σ in Eq.(26)) and a three-body factor given by Eq.(28). At ρ0 we obtain
n
(4)
0 (JT1) = 0.078 and n
(4)
0 (JT01) = 0.081, where the JT1 (JT01) results include triplet
correlations contributions without (with) the l = 0 component. The corresponding en-
ergies are E/N(JT1) = −6.55 K and E/N(JT01) = −6.58 K. A VMC study by one of
the authors (J.B.), with the same trial wave functions, gives n
(4)
0 (JT1)(VMC) = 0.078,
n
(4)
0 (JT01)(VMC) = 0.082, E/N(JT1)(VMC) = −6.617 K and E/N(JT01)(VMC) = −6.625
K. These results have been confirmed by an independent VMC calculation of Moroni,35 who
gets n
(4)
0 = 0.077 and E/N = −6.604 K for the (JT1) case.
The agreement between HNC and VMC results gives confidence in the scaling approxi-
mation to the elementary diagrams as described in the previous section, prescribing a recal-
culation of the scaling parameters directly associated to the momentum distribution after
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the inclusion of the three-body correlations. Actually, if the scaling parameters in the JT
cases are the ones determined at the Jastrow level (as in Refs. 8,36), we get n
(4)
0 (JT1) = 0.064
with a violation of the normalization conditions of ∼ 15%. In addition, the l = 0 component
of the triplet correlation has been found to have a very small effect on both the energy and
condensate fraction. This finding also has been confirmed by the Moroni calculations35 and
is in contrast with that of Refs. 8,36, where the relative change in n0 was about 25 %. Due
to the small effect of the l = 0 triplet correlation, we have omitted its contribution in all the
results presented for the mixture.
The use of the semi-optimized two-body correlation factor of Eq.(26) and of the l = 1
triplet correlation lowers the energy to −6.62 K and provides n
(4)
0 = 0.082. The Euler Monte
Carlo (EMC) result of Ref. 35, using fully optimized two- and three-body correlations in a
VMC scheme, is n
(4)
0 (EMC) = 0.087. On the other hand, the DMC results of Refs. 37,12 are
n
(4)
0 (DMC) = 0.072 and n
(4)
0 (DMC) = 0.084, respectively. The difference between the two
DMC results is due to the use of an extrapolated estimator which is sensitive to the overlap
between the importance sampling wave function and the exact ground state. The PIMC
approach of Ref. 13 provides n
(4)
0 (PIMC) = 0.069 at temperature T=1.18 K, with large
statistical errors. As a final comment, we stress that all the above theoretical values of the
4He condensate fraction are slightly lower than the latest experimental estimates of Snow et
al.,38 n
(4)
0 (expt) ∼ 0.10. However, as the condensate fraction, as well as the kinetic energy,
is extracted by fitting the Compton scattering profile in neutron scattering experiments at
large momentum transfers, the resulting n
(4)
0 can be strongly model dependent.
We start the analysis of the mixture by studying the x3-dependence of
4He momentum
distribution. Fig. 1 shows kn(4)(k)/((2pi)3ρ4) in mixture at x3 = 0.066 (ρexpt = 0.358 σ
−3)
compared with that of pure 4He (ρ4 = 0.365 σ
−3), both at P=0 . The differences are small
and can be explained by the slight change in density. In fact, the smaller mass of 3He results
in a larger zero point motion of 3He compared with 4He, and therefore the total density of
the mixture decreases when x3 increases.
Fig. 2 illustrates the same comparison but for the 4He one-body density matrix. The
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asymptotic value of ρ(4)(r), identified with the condensate fraction, is reached at r ∼ 7 A˚.
The value of n
(4)
0 in the mixture is slightly larger than in the pure phase (see also Table I)
due mainly to the smaller total density of the mixture. The fermionic nature of the 3He
does not affect n
(4)
0 . In fact, one gets the same n
(4)
0 in the boson-boson approximation, which
consists in treating the 3He component as a bosonic mass-3 one. Furthermore, if ACA is
assumed, the boson-boson approximation yields a n
(4)
0 which is exactly the one of pure
4He
at the total density of the mixture.
The Fermi statistics makes the x3-dependence of n
(3)(k) more sizeable. The 3He momen-
tum distributions at x3 = 0.066 and x3 = 0.020 are compared in Fig. 3. The corresponding
Fermi momenta are kF = 0.235 A˚
−1 and kF = 0.347 A˚
−1, to be compared with kF = 0.79
A˚−1 for pure 3He at equilibrium density. The Fermi momentum and the discontinuity ZF in-
crease along x3 , whereas the depletion decreases (see Table I). This behavior is qualitatively
explained by considering the change of both the total and partial 3He densities.
ρ(3)(r) at x3 = 0.066 is compared in Fig. 4 with the free fermionic case (νρ(r)/ρ = l(kF r))
and with that of pure 3He at the same ρ3. In this density region it is necessary to reach
large r-values before ρ(3)(r) begins to oscillate around zero. Despite of the small partial 3He
density, ρ(3)(r) is very different from those obtained both in the pure (short-dashed line) and
the free (long-dashed line) cases. While the pure 3He shows a density matrix very similar
to the free case, the mixture ρ(3)(r) has a strong depletion due to the correlations with the
4He atoms. This behavior translates into a correspondingly large depletion of n(3)(k) at the
origin. The three density matrices have the nodes approximately at the same points, the
location of the zeros being governed by the zeros of l(kF r). In fact, by taking the lowest
order term of the expansion of ρ(3)(r) in powers of the statistical correlation l(kF r), as done
in the Wu-Feenberg expansion for the distribution function, one gets
ρ
(3)
WF (r) = ρ
(3)
B (r)
l(kF r)
ν
(30)
where ρ
(3)
B (r) is the
3He density matrix in the underlying boson-boson mixture. Due to the
small values of x3 in the mixture, ρ
(3)
WF (r) is almost indistinguishable from the exact ρ
(3)(r).
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Eq. (30) explicitly decouples the statistical and dynamical correlations contributions to
ρ(3)(r) and has also recently proved to describe quite accurately even the pure 3He density
matrix.37 In this approximation, n(3)(k) is given by
n
(3)
WF (k) =
1
(2pi)3ρ3
∫ kF
0
d3k′n
(3)
B (| k− k
′ |) . (31)
Therefore, the discontinuity ZF coincides with the value of the condensate fraction associated
to n
(3)
B (k). The kinetic energy associated to n
(3)
WF (k) can be expressed as
T3
N3
=
3h¯2k2F
10m3
+
TB3
N3
, (32)
where TB3/N3 is the kinetic energy associated to n
(3)
B (k). In ACA, the density matrices of
the two components of the underlying boson-boson mixture are the same and equal to the
density matrix of pure 4He considered at the total density of the mixture. As a consequence,
the corresponding condensate fractions are also equal and in this model ZF and n
(4)
0 coincide.
More detailed information on the x3-dependence of the condensate fraction, the disconti-
nuity of n(3)(k) at the Fermi surface and the kinetic energies of the two components is shown
in Table I. T3(x3 = 0.) is the kinetic energy of one
3He impurity in 4He. Recent DMC39
and PIMC21 calculations predict a smaller T3(x3 = 0.) value of about 17.5 K. The effect
of the three-body correlations is similar to that in the 4He pure phase, i.e., they slightly
decrease the condensate fraction and simultaneously decrease by about half a Kelvin the
total kinetic energy. The condensate fraction n
(4)
0 shows a small increment with x3. As we
have mentioned before, this is mainly a consequence of the fact that the total density of the
mixture slightly decreases when x3 increases. The effect of the Fermi statistics on n
(4)
0 is
almost negligible, the results of n
(4)
0 in the boson-boson approximation being equal to the
ones reported in Table I.
n
(4)
0 is shown in Fig. 5 as a function of the pressure, P , for pure
4He (diamonds) and for a
x3 = 0.066 mixture (circles). The condensate fraction, in both cases, decreases with pressure
as a consequence of the corresponding increase of density. The density of pure 4He is larger
than the one of the mixture at the same pressure and therefore the condensate fraction in
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the mixture is larger than in 4He. However, as P increases, the differences between the
densities become smaller and the condensate fractions of both systems get closer.
The low values of ZF imply a large value of the energy-dependent effective mass at the
Fermi surface,
ME = 1−
∂
∂E
ℜΣ(p, E) |E=eF ,p=pF = Z
−1
F (33)
where Σ(p, E) is the self-energy of the 3He atoms in the mixture. At x3 = 0.04, ME = 12m3
which is around three times larger than for pure 3He at the saturation density.9,37 This large
value of the energy-dependent effective mass can be attributed to the correlations with the
4He atoms, and implies a small value of the k dependent effective mass in order to reproduce
the total effective mass that, at those small concentrations, can be taken m∗3/m3 = 2.3,
40,41
i.e., the value in the impurity case.
Fig. 6 shows n(4)(k)/ρ4 and νn
(3)/ρ3 for a 6 % mixture (solid and long-dashed lines re-
spectively) together with n(4)(k)/ρ4 for pure
4He at the equilibrium density (short-dashed).
The three momentum distributions are very close above kF , as the large-k behavior is essen-
tially dominated by the short-range dynamical correlations. As in the pure phases, the tails
of the momentum distributions (k > 3.5 A˚−1) are taken to have an exponential behavior.
Their contribution at x = 6.6% to the total kinetic energy is ∼ 8%. On the other hand, the
kinetic energy of the free Fermi sea (that would give an upper-bound to the contribution
to T3/N3 below kF ) is 0.58 K. That means that more than 97% of the
3He kinetic energy
comes from momenta above kF , clearly showing the importance of the correlations between
3He and 4He atoms.
It is also of interest to consider the dependence of T3/N3 on the concentration. Fig. 7
gives T3/N3 in function of the
3He partial density in the mixture along the P = 0 isobar.
Obviously, the kinetic energy ends up with the kinetic energy of pure 3He (∼ 12 K) which
corresponds to a density value that lies out of the plot. Therefore the kinetic energy of the
3He should be in average a decreasing function of the concentration except for the behavior
at the origin where the term associated with the free Fermi kinetic energy dominates the
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overall decreasing behavior driven by the decrease of the total density. Actually, the kinetic
energy in the interval considered here is well parameterized as the sum of the free Fermi gas
energy plus a linear term describing the decrease of the kinetic energy with the density
T3
N3
=
T3
N3
(ρ3 = 0)−Aρ3 +
3
10
h¯2
m3
(
6pi2
ν
)2/3
ρ
2/3
3 . (34)
The numerical value of the parameter A may be estimated by calculating the x3 de-
pendence of the kinetic energy in the underlying boson-boson mixture and it results to be
A = 27.2 Kσ3.
III. DISCUSSION AND CONCLUSIONS
The results obtained in this paper for the 4He condensate fraction and the x3 dependence
of the 3He kinetic energy are in contrast with recent experimental estimates. In fact, Sokol
et al.,6,7, analyzing deep inelastic neutron scattering measurements carried out for a 9.5%
mixture at 1.4 K, and for a momentum transfer as high as 23 A˚−1, estimated a condensate
fraction n
(4)
0 = 18% and a
3He kinetic energy of approximately 10 K, basically independent
on the concentration. These results are to be compared with the theoretical predictions
n
(4)
0 ∼ 10% and T3/N3 ∼ 19 K obtained in ACA for a similar mixture.
It has been argued6 that the main source of discrepancy with a preliminary presentation
of the present results17 is due to the use of ACA, implying the same type of local environment
for the different types of atoms in the mixture. Sokol’s observation is physically founded on
the large zero point motion of the 3He atoms which should decrease the local density around
them to a value similar to the pure 3He. Obviously, the use of optimal correlations should
clarify this point. However, it must be stressed that the T = 0 DMC calculations of Ref.
39 give for the 3He impurity kinetic energy T3 = 17.5 K, i.e. a 1.5 K lower value than the
ACA prediction estimated by using the pure 4He DMC kinetic energy (T4 = 14.3 K).
12 On
the other hand, the predicted n
(4)
0 by DMC
42 points to an extrapolated value of 11% for a
6.6 % mixture at the same temperature. A dramatic change of both n
(4)
0 and T3 at higher
concentrations would be required in order to reproduce the experimental estimates.
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In conclusion, we believe that although the use of optimal correlations will certainly
decrease the kinetic energy of the 3He component and enhance a little the 4He condensate
fraction, the resulting values will be far from the present experimental analysis. A full
theoretical calculation of the scattering process including final state interactions and the
experimental broadening, similar to the ones performed in pure 4He,43 is necessary in order
to fully understand the experimental measurements and reliably extract kinetic energies and
condensate fractions..
Summarizing, we have calculated the momentum distributions of 3He-4He mixtures in
the framework of the HNC/FHNC equations using variational wave functions with two- and
three-body correlations. These momentum distributions can be used as input for the analysis
of the recent performed inelastic neutron scattering experiments. It has been found that, at
the low concentration where the mixture is stable, the Fermi statistics do not significantly
modify the value of the 4He condensate fraction. On the other hand, it is crucial to take into
account the Fermi statistics for the stability of the mixture. The concentration dependence
of the different quantities studied in the paper can be mainly explained by the decrease in
the total density of the mixture when the 3He concentration increases.
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APPENDIX:
In this Appendix we present the HNC/FHNC equations for the mixture one-body density
matrices.
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The sums of the nodal diagrams contributions, N (3)ωcωc and N
(α)
ωω , are obtained by solving
the integral equations
N (α)ωω =
∑
λ=3,4
ρλ
∑
z,y
(g(α,λ)ωz −N
(α,λ)
ωz − δzd | g
(λ,α)
yω − δyd) , (A1)
and
N (3)ωcωc = ρ3(gωcc + l(kF r12)/ν −N
(3)
ωcc | gcωc + l/ν) (A2)
+ρ3(−l/ν | 2(gcωc + l/ν −N
(3)
cωc)− (gcc + l/ν −Ncc)) .
The notation (A(rij) | B(rjk)) stands for the convolution product
(A(rij) | B(rjk)) =
∫
drjA(rij)B(rjk) . (A3)
The summations over z and y (where z, y = d, e, c) always extend to all possible connections
allowed by the diagrammatic rules of the HNC/FHNC theory.16,17
Besides the distribution functions g(α,β)zy (r) (g
(α,β)
dd , g
(α,3)
de , g
(3,3)
ee and g
(3,3)
cc ), which have been
defined elsewhere,20,26 it is necessary to introduce the auxiliary distribution functions:
g
(α,β)
ωd (r) = f
(α,β)(r) exp[B
(α,β)
ωd (r)] , (A4)
g(α,3)ωe (r) = g
(α,3)
ωd (r)B
(α,3)
ωe (r) , (A5)
g(3,3)ωcc (r) = g
(3,3)
ωd (r)
Lω(r)
ν
, (A6)
where
B(α,β)ωx (r) = N
(α,β)
ωx (r) + E
(α,β)
ωx (r) + C
(α,β)
ωx (r) , (A7)
and
Lω(r) = −l(kF r) + νB
(3,3)
ωcc (r) . (A8)
The functions E
(α,β)
ωd (r), E
(α,3)
ωe (r) and E
(3,3)
ωcc (r) give the contributions of the elementary dia-
grams.
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The nodal functions N (α,β)ωz (r) are solutions of the following integral equations:
N (α,β)ωx =
∑
λ=3,4
ρλ
∑
z,y
(g(α,λ)ωz −N
(α,λ)
ωz − δzd | g
(λ,β)
yx − δyd) , (A9)
N (3,3)ωcc = ρ3(gωcc −Nωcc + l/ν | gcc) . (A10)
Finally, the functions C(α,β)ωx (r) give the contribution of the dressed triplet correlations,
C(α,β)ωx (r12) =
∑
λ=3,4
ρλ
∫
dr3 ω
(α,λ,β)(r12, r13, r23)
∑
zy
g(α,λ)ωz (r13)g
(λ,β)
yx (r32) , (A11)
and
C(3,3)ωcc (r12) = ρ3
∫
dr3 ω
(3,3,3)(r12, r13, r23)g
(3,3)
ωcc (r13)g
(3,3)
cc (r32) . (A12)
The functions N (α,β)zy (r) and C
(α,β)
zy (r) have been defined in Ref. 20.
The quantities Γ(α)ω and Γ
(α)
d , entering the expressions of the strength factors n
(α)
0 , are
given by
Γ(α)x =
∑
λ=3,4
ρλ
∫
dr(g
(α,λ)
xd (r)− 1−N
(α,λ)
xd (r)− E
(α,λ)
xd (r))
+ρ3
∫
dr(g(α,3)xe (r)−N
(α,3)
xe (r)− E
(α,3)
xe (r))
−(1/2)
∑
λ=3,4
ρλ
∫
dr(g
(α,λ)
xd (r)− 1 + δλ3g
(α,λ)
xe (r))(N
(α,λ)
xd (r) + 2E
(α,λ)
xd (r))
−(1/2)ρ3
∫
dr(g
(α,3)
xd (r)− 1)(N
(α,3)
xe (r) + 2E
(α,3)
xe (r))
−(1/2)
∑
λ=3,4
ρλ
∫
dr(g
(α,λ)
xd (r) + δλ3g
(α,λ)
xe (r))C
(α,λ)
xd (r)
−(1/2)ρ3
∫
drg
(α,3)
xd (r)C
(α,3)
xe (r) + E
(α)
x (A13)
where E(α)x is the sum of the one-point elementary diagrams.
8,9,17 By setting ρ3 = 0 (ρ4 = 0),
expression (2.15) reduces to the pure phases Γx.
8,9
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TABLES
TABLE I. 4He condensate fraction, 3He ZF factor and partial kinetic energies in the mixtures
as a function of the 3He concentration at zero pressure. The first lines are the Jastrow values. The
second lines include the effect of the triplet correlations.
x3 ρ(σ
−3) n0 Z T4/N4(K) T3/N3(K)
0.0 0.3648 0.091 15.06 19.99
0.082 14.52 19.27
0.02 0.3629 0.092 0.093 14.92 20.04
0.085 0.085 14.39 19.33
0.04 0.3609 0.094 0.094 14.79 19.99
0.086 0.086 14.27 19.30
0.066 0.3582 0.096 0.096 14.61 19.88
0.088 0.088 14.10 19.21
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FIGURES
FIG. 1. Momentum distribution of the 4He atoms in the mixture. The continous line cor-
responds to x3 = 0.066 (ρ = 0.3582σ
−3) and the dashed line to pure 4He at saturation density
(ρ = 0.365σ−3). Both results are at zero pressure.
FIG. 2. One-body density matrix of the 4He atoms in the mixture. The notation is the same
as in Fig. 1
FIG. 3. 3He momentum distributions in the mixture at x3 = 0.066 (solid line) and x3 = 0.02
(dashed line). The values of kF are 0.347 A˚
−1 and 0.235 A˚−1, respectively.
FIG. 4. One-body density matrix of the 3He atoms in a x3 = 0.066 mixture (solid line) com-
pared with the free Fermi system ( dash-dotted line) and pure 3He (dashed line), both at the same
partial density ρ3.
FIG. 5. Condensate fraction as a function of pressure. The diamonds and circles correspond to
pure 4He and to a x3 = 0.066 mixture, respectively. The lines are guides to the eye.
FIG. 6. Momentum distributions per particle of pure 4He at equilibrium density (short-dashed),
and of 4He (long-dashed) and 3He (solid) of a x3 = 0.066 mixture.
FIG. 7. 3He kinetic energy as a function of ρ3 at P = 0. The solid line is the fit provided by
Eq. (34).
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